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Abstract

Quadratic funding is a public good provision mechanism that satisfies desirable theoretical properties, such as efficiency under complete information, and has been gaining popularity in practical applications. We evaluate this mechanism in a setting of incomplete information regarding individual
preferences, and show that this result only holds under knife-edge conditions. We also estimate the
inefficiency of the mechanism in settings with varying population and show that whether inefficiency
increases or decreases in population size depends on parameter values used. We show how these findings can be used to estimate the mechanism’s inefficiency in a wide range of situations under incomplete
information.
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Resumo
Quadratic funding é um mecanismo de provisão de bens públicos que satisfaz diversas propriedades teóricas desejáveis, como eficiência sob informação completa, e vem ganhando popularidade em
aplicações práticas. Avaliamos esse mecanismo em um contexto de informação incompleta com relação
a preferências individuais e mostramos que esse resultado só é válido sob condições excepcionais. Estimamos a ineficiência do mecanismo em contextos de população variável e mostramos que o comportamento da ineficiência conforme a população cresce depende dos valores dos parâmetros utilizados.
Mostramos como esses resultados podem ser utilizados para estimar a ineficiência do mecanismo em
uma ampla gama de situações com informação incompleta.
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Introduction

The non-excludability and non-rivalry of public goods poses a challenge for public good provision that has
long received considerable attention in both the theoretical and the applied economic literature (Samuelson
1954; Lindahl 1958). Several mechanisms for providing efficient levels of a public good have been proposed
(Clarke 1971; Groves and Ledyard 1977; Hylland and Zeckhauser 1979; Walker 1981), and while these
mechanisms are of considerable theoretical importance, there has been to date limited practical application
of these solutions, resulting at least in part from undesirable properties they were shown to possess (Walker
1981; Healy 2006; Rothkopf 2007). On the other hand, there are various solutions commonly used in
practice, such as majority voting, 1:1 donation matching, and private provision of public goods, all of
which lead to inefficient outcomes in the general case (Bergstrom 1981; Bergstrom et al. 1986).
The quadratic funding (QF) mechanism, proposed by Buterin et al. (2019), appears to be promising in
both a theoretical and a practical sense. This mechanism provides a public good level that is equal to the
square of the sum of the square roots of individual contributions. That is, if every individual i contributes
some quantity ci ≥ 0 for funding a public good, then the resulting funding for the public good through
P √ 2
ci . Besides efficiency under complete information, one characteristic that distinguishes this
QF is
i
mechanism from previously proposed ones is that it does not require any assumptions about the set of public
goods to be funded, making it particularly well-suited to cases in which it is important that individuals be
able to propose new public goods. It also stands out for its simplicity, and satisfies other desirable properties
such as individual rationality and homogeneity of degree one. These characteristics make QF particularly
promising for usage in a broad range of situations. In fact, QF has been employed to allocate significant
sums of money for funding open-source software projects and matching donations to charity.1
This paper aims to analyze the efficiency of the quadratic funding mechanism in a more general informational context, and we do so in two main ways. First, we adapt the framework introduced by Buterin
et al. (2019) to allow for the possibility of incomplete information regarding individual preferences. Besides showing the existence of equilibria, we present necessary and sufficient conditions for efficiency, and
show that QF is only efficient under knife-edge conditions, which stands in contrast with the efficiency of
the mechanism under complete information. In particular, we show that QF is inefficient whenever an individual is uncertain about whether the efficient provision is positive, and that QF is efficient for individuals
with isoelastic utility functions for the public good if and only if the elasticity coefficient of these functions
is equal to 1/2. We show that the latter condition can be interpreted as saying that QF is efficient when the
optimal individual contributions is a dominant strategy, i.e., do not depend on the contribution by others,
thus presenting an easily verifiable test for efficiency in applications of this mechanism.
Second, and motivated by the large class of models in which the private provision of the public good is
inefficient, we use numerical estimations to quantify the inefficiency of QF under incomplete information.
We define two measures of inefficiency, and then analyze how these measures respond to changes to the
number of players. We show that inefficiency is increasing in the number of players, and we characterize
conditions under which this response is more or less intense. The results presented in our analysis can be
used to assess how QF would perform even when it does not lead to efficient public good provision.
Besides the importance of these findings to quadratic funding, our results also bring implications to
quadratic voting (Lalley and Weyl 2019), and more broadly to the growing literature on quadratic pricing
(Tideman and Plassmann 2017). Quadratic voting is a voting mechanism that has gained attention both
from academia (Kaplow and Kominers 2017; Park and Rivest 2017; Quarfoot et al. 2017; Weyl 2017)
and from policymakers, having been applied by the Democratic Party of the United States for political
decision-making.2 Quadratic funding can be understood as an adaptation of quadratic voting to a context
of continuous public good provision, which makes our findings particularly surprising, given that Lalley
1
Gitcoin (https://gitcoin.co/fund) and HackerLink (https://hackerlink.io/en) are two
forms that currently use QF for funding software development, and WeTrust
conclusion-of-the-first-lr-experiment-709b018b5f83) has used QF for matching donations.
2
https://www.wired.com/story/colorado-quadratic-voting-experiment/
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and Weyl (2019) showed that the outcome chosen through quadratic voting under incomplete information
converges to efficiency as the population grows. Therefore, our results suggest that incomplete information
might pose an important challenge to other quadratic pricing mechanisms, despite the efficiency result for
quadratic voting, and, more generally, the properties pertaining to one mechanism may fail to be held by
the other.
The paper is divided into seven sections. Section 2 presents the setting used in the paper, and shows
the existence of equilibria for quadratic funding. Section 3 presents efficiency results under complete information, and section 4 analyzes efficiency under incomplete information. Section 5 gives an economic
intuition and an efficiency result for the special case where individuals have isoelastic utility functions for
the public good, and section 6 employs this class of utility function to develop quantitative estimates of
inefficiency under incomplete information. Section 7 summarizes some conclusions of the paper. The
Appendix provides the proofs of the stated propositions.

2

Setting

There exist I ≥ 2 individuals identified by the elements in the set I = {1, 2, · · · , I} and a single public
good supplied in continuous amounts and denoted by F ∈ R+ . For each i ∈ I there exists a finite
set of types Θi = {θi1 , · · · , θiLi } associated, and an expected utility function ui : R+ × R × Θi → R
defined as ui (F, m; θi ) = vi (F ; θi ) + m, where the linear good is the numeraire and vi : R+ × Θi → R
represents the monetary-equivalent expected utility of i for a level F ≥ 0 of funding for the public good
when her type is θi ∈ Θi . We use Θ = ×Ii=1 Θi to denote the set of type profiles. The joint probability
distribution of types is Pr : Θ → [0, 1] and is assumed to be common knowledge. We make use of the
following assumptions, where Assumption 1 imposes some standard requirements on the utility functions,
and Assumption 2 guarantess that every type profile occurs with positive probability.
A SSUMPTION 1. For every i ∈ I and θi ∈ Θi , vi (·; θi ) ∈ C 1 is a strictly increasing and strictly concave
function, and limF →∞ vi0 (F ; θi ) = 0.
A SSUMPTION 2. The image of the joint probability distribution of types Pr is strictly positive.
We now proceed to state the definitions used throughout this paper.
D EFINITION 1. A funding mechanism is a function Φ : RI+ → R+ that determines, for any contribution
profile of the individuals to the public good c := (c1 , c2 , · · · , cI ) ∈ RI+ , a level of public good provision
Φ(c) = F ∈ R+ .3
In words, a funding mechanism is a technology that maps individual contributions (inputs) to a level
of the public good to
provided (output). The simple and classical funding mechanism is the linear
Pbe
I
technology Φ(c) := i=1 ci . Note that it need not be the case that the mechanism is budget balanced (i.e.,
PI
that Φ(c) =
i=1 ci holds), and so a funding mechanism might require external funding or generate a
budget surplus.
The technology defining the funding mechanism Φ may be a general one with some suitable properties.
Homogeneity of degree one (Φ(λc) = λΦ(c)) guarantees the irrelevance of the units scale used to measure
the contributions. Anonymity (Φ(c) = Φ(σ(c)), where σ(·) is a permutation operator) guarantees the
irrelevance of the order of contributors. Inada’s condition for individual i when someone else is contributing
with a strictly positive amount (limci →0 Φi (ci , c−i ) = +∞, where c−i 6= 0 and Φi is the partial derivative
of Φ with respect to the ith component) incentivizes individual i to contribute whenever other individuals
are providing positive contributions to the public good. A technology with all these properties is the CES
In more general terms, a funding mechanism could be defined a function y : ×Ii=1 Mi → X × RI+ such that for all i,
Mi = X = R+ , defined by y(c) = (Φ(c), c) with Φ defined as in definition 1. We refer to Φ as the funding mechanism to
simplify the notation.
3
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I
ρ
i=1 ci

i1/ρ

technology Φ(c) =
, with ρ < 1 to guarantee the strict convexity of the technology. To this
family of technologies belongs the QF mechanism.
D EFINITION 2. The quadratic funding mechanism is defined by the function ΦQF : RI+ → R+ given by:
!2
I
X
ΦQF (c) =
(ci )1/2 .
i=1

Whenever possible, a central planner would choose a funding mechanism that fosters individual contributions generating efficient output levels. However, before delving into efficiency, let us define the concept
of a public good contribution game with a funding mechanism and its corresponding Nash equilibrium.
D EFINITION 3. A public good provision game with funding mechanism Φ is defined by

G = (vi , Θi )i∈I , Pr, Φ .
The equilibrium concept for public good provision games are defined as follows.
D EFINITION 4. A profile c∗ = (c∗1 , · · · , c∗I ), where for all i ∈ I, c∗i : Θi → R+ is an equilibrium for G if,
for each i ∈ I and each θi ∈ Θi , the following is satisfied for all z ∈ R+ :




E vi (Φ(c∗i (θi ), c∗−i (θ−i )); θi ) θi − c∗i (θi ) ≥ E vi (Φ(z, c∗−i (θ−i )); θi ) θi − z.
Alternatively, for all i ∈ I and all θi ∈ Θi , c∗ satisfies:


c∗i (θi ) ∈ arg max E vi (Φ(z, c∗−i (θ−i )); θi ) θi − z.
z∈R+

An equilibrium c∗ is called interior if c∗i (·) > 0, for all i ∈ I.
Now, let us turn to the definition of efficiency. The social welfare function in this context is the function
assigning to each level of public good provision its social net value given a type vector, namely,
!
I
X
W (F ; θ) =
vi (F ; θi ) − F.
i=1

From a normative standpoint, a desirable property for a funding mechanism is the ability to generate private contributions that attain efficient levels of the public good for any given vector of types. We formalize
these notions in the following definitions.
D EFINITION 5. We say that F e : Θ → R+ is an (ex-post) efficient provision for G if, for all θ ∈ Θ,
!
I
X
F e (θ) ∈ arg max
vi (F ; θi ) − F.
F ≥0

i=1


D EFINITION 6. The funding mechanism Φ is efficient for G = (vi , Θi )i∈I , Pr, Φ if there exists an equilibrium contribution profile c∗ such that, for all θ ∈ Θ, Φ(c∗ (θ)) = F e (θ) is an efficient provision for
G.
We conclude this section by showing that Assumption 1 is sufficient to guarantee the existence of an
equilibrium, a result which will be useful in our analysis of efficiency of equilibria in the following sections.
P ROPOSITION 2.1. Suppose that assumption 1 holds. Then, there exists a unique efficient provision F e :
Θ → R+ .
P ROPOSITION 2.2. Suppose that assumption 1 holds. Then, there exists an equilibrium for the quadratic
funding mechanism.
4
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Efficiency under complete information

In this paper, we use the term complete information to refer to games where the type set is a singleton, as
stated below.
D EFINITION 7. A game is said to have complete information if |Θ| = 1.
The setting and definitions presented in the previous sections are very similar to those used by Buterin et al. (2019) when considering games of complete information. As we are building on their work on
quadratic funding, we summarize their main result in the proposition below.
P ROPOSITION 3.1 (Buterin et al. 2019, adapted). Let G be a game of complete information where, for all
i ∈ I, vi ∈ C 1 is a strictly increasing and strictly concave function, and the funding mechanism is a CES
hP
i1/ρ
I
ρ
mechanism Φ(c) =
c
with ρ < 1. If c  0 is an interior equilibrium of this mechanism and the
i=1 i
e
efficient allocation is F > 0, then:
(i) If ρ > 1/2, then Φ(c) < F e ;
(ii) If ρ < 1/2, then Φ(c) > F e ;
(iii) If ρ = 1/2, then Φ(c) = F e .
Thus, among the CES funding mechanisms, only QF can generate efficient levels of the public good for
interior solutions. For this reason, we will center our analysis on QF throughout the remainder of this paper.
Proposition 3.1 is not sufficient to guarantee efficiency in the sense introduced by definition 6. This is
because, on the one hand, it only considers interior equilibria, and so it is not applicable to the case where
one or more individuals do not contribute to the public good. On the other hand, this proposition assumes
the existence of an efficient allocation and an equilibrium allocation without presenting conditions under
which those allocations would exist.
If, in addition to the hypotheses made in proposition 3.1 about the utility function, we assume that
limF →∞ vi0 (F ; θi ) = 0, we get Assumption 1, and can thus apply proposition 2.1. With this additional
assumption, it is possible to show that QF is efficient.
P ROPOSITION 3.2. In a game of complete information, suppose that Assumption 1 holds. Then, the
quadratic funding mechanism is efficient.

4

Efficiency under incomplete information

In this section, we consider games that do not necessarily have complete information, that is, we allow for
|Θ| > 1. We show that, unlike efficiency under complete information, when individuals are uncertain of the
preferences of their peers, efficiency only results under strong conditions on the utility functions. In what
follows, we will establish a couple of necessary and sufficient conditions for this property to hold.
P ROPOSITION 4.1. Suppose that assumptions 1 and 2 hold, and that there exists some θ0 ∈ Θ for which the
efficient public good provision level is zero. Then, the quadratic funding mechanism is efficient if and only
if the efficient public good provision level is zero for all θ ∈ Θ.
Proposition 4.1 shows that there exists a broad range of public good games with quadratic funding where
the equilibrium is not efficient. It suffices to exist two type profiles, one with zero efficient provision and
another with positive efficient provision, to have inefficiency of the equilibrium. Thus, to look for the cases
where QF is efficient, let us consider games where the efficient level of the public good is strictly positive
and try to find conditions on the preferences that allows for the efficiency of the equilibrium. The following
proposition states those conditions when only one individual has multiple types.
5

P ROPOSITION 4.2. Suppose that assumptions 1 and 2 hold, that efficient public good provision level is
strictly positive for all θ ∈ Θ, and that there is only one individual with more than one possible type;
namely, there exists a unique j ∈ I such that
P |Θj | > 1. Then, the quadratic funding mechanism is efficient
if, and only if, there exists A ∈ R such that i6=j vi0 (F e (θ); θi ) = A(F e (θ))−1/2 for all θ ∈ Θ. Furthermore,
P
we have that A = i6=j (c∗i (θi ))1/2 .
Figure 1 illustrates this proposition. Starting from the sum of marginal utilities of the
P individuals with a
unitary type set and choosing a type vector θ ∈ Θ, we can choose an A ∈ R for which i6=j vi0 (F e (θ); θi ) =
A(F e (θ))−1/2 holds. Using this A, we can plot the function
A(F )−1/2 . Proposition 4.2 implies that, for
P
efficiency to hold, it must be the case that A(F )−1/2 and i6=j vi0 (F ; θi ) intersect whenever F = F e (θ0 ) for
some θ0 ∈ Θ.

e (θ))
A(FA(F
)−1/2

P

i6=j

vi0 (F ; θi )

A(F )−1/2

F e (θ)

F

Figure 1: Illustration of proposition 4.2.
As this figure indicates, this necessary and sufficient condition for efficiency is a knife-edge condition,
and will generally not be true for utility functions satisfying assumption 1. Furthermore, this proposition
assumes what is, in fact, the simplest case where individuals have private information, where only a single
individual is allowed to have multiple types. Thus, this proposition shows that knife-edge conditions apply
even in this very simple case, implying that cases where multiple individuals have non-unitary type sets
have conditions for efficiency that are at least as strict as this one.
A natural question arising from this result is whether efficiency can hold at all in cases where multiple
individuals have non-unitary type sets, and the answer turns out to be positive. It is easy to see that the
condition in proposition 4.2 implies that, in this case, efficiency follows if every individual with a single
type has a utility function for the public good that is equal to an isoelastic utility function with an elasticity
parameter η = 1/2, as their marginal utility function for the public good will be of the form A(F )−1/2 for
some A ∈ R. In the next section, we analyze the special case of isoelastic utility functions, which will help
us better understand this efficiency condition and show that efficiency under incomplete information always
holds when every individual has an isoelastic utility function with η = 1/2.

5

Isoelastic utility functions

In this section, we show that isoelastic utility functions for the public good represent a special class of
utility functions for which the individual’s best-response contribution function is increasing or decreasing
6

in the contributions of others depending entirely on the value of the elasticity parameter η. We also show
that, when every individual has an isoelastic utility function for the public good with η = 1/2 for any type
vector, efficiency under incomplete information holds.
First, consider a situation with complete information. Let i = 1 index an individual with utility function
for the public good v1 (F ) = βF 1−η /(1 − η), if η 6= 1, and v1 (F ) = β ln(F ), if η = 1. The first order
condition defining c1 , the best-response of this individual to the contribution profile c−1 of all the other
individuals, is:
1/2

c1

1/2
j=1 cj

PI

= P
I

β

1/2
j=1 cj

2η .

(1)

The right-hand-side of equation (1) represents the marginal utility of increasing the provision of the
public good by one (infinitesimal) unit, whereas the left-hand side is the marginal increase in the individual
contribution per unit of increase in the level of the public good.
To analyze the best-response variation to changes in the contributions of other individuals, let us rewrite
equation (1) as follows:
1/2
c1

=β

1/2
c1

+

I
X

!1−2η
1/2
cj

.

j6=1

Thus, if η > 1/2, then an increase in the aggregate square-roots of the others’ contributions will produce
a reduction in the best-response c1 . The reciprocal effect holds if η < 1/2. Finally, if η = 1/2, the bestresponse of individual i = 1 does not depend on the contributions of her peers.
To summarize the above analysis, we state the following proposition.
P ROPOSITION 5.1. Suppose that an individual has an isoelastic utility function for the public good with
elasticity coefficient η > 0. Then, that individual’s contribution to the public good is a decreasing (increasing) function of the aggregate square-roots of the other individuals’ contributions if, and only if, η ≥ 1/2
(η ≤ 1/2).
A conclusion that results from proposition 5.1 is the stabilizer response of an individual with isoelastic
utility for the public good to variations in the contributions of her peers. If her elasticity coefficient is
η > 1/2, her best response function is submodular, and so increases in the contributions of others lead
her to contribute less to the public good. On the other hand, with η < 1/2, her best response function is
supermodular, and increases in the contributions of others lead her to contribute more to the public good.
In the limit case (η = 1/2), she is indifferent to variations of the contributions of others.
Now turning to the case of incomplete information, we state the following result.
P ROPOSITION 5.2. Suppose that assumption 2 holds, and that for every i ∈ I and θi ∈ Θi , we have that
vi (F ; θi ) = βi (θi )F 1−η /(1 − η), where βi (θi ) > 0 and η > 0. Additionally, suppose that for some j ∈ I,
there exist θjk , θj` ∈ Θj such that βj (θjk ) 6= βj (θj` ). Then, the quadratic funding mechanism is efficient if, and
only if, η = 1/2.
In words, this proposition says that, when every individual of every type has an isoelastic utility function
for the public good with equal η, and at least one individual has two distinct utility functions, then efficiency
holds if, and only if, η = 1/2. By proposition 5.1, when an individual has an isoelastic utility function
for the public good with η = 1/2, their best response does not depend on the contribution of others.
When this holds for every individual and every type, then every individual always chooses exactly the
same contribution as they would choose under complete information. As QF is efficient under complete
information, it follows that efficiency ex-post will hold.
On the other hand, if every individual has the same η 6= 1/2, then their optimal response depends
on the contribution chosen by other individuals. The proposition assumes that at least one individual has
7

two distinct utility functions, implying that some individuals face incomplete information about how much
one individual will contribute, and so from assumption 2 it follows that some individuals face incomplete
information about the aggregate contribution of others. Thus, in different states of the world, an individual
facing incomplete information would want to choose different levels of contribution if he were to know
the true state of the world. As the utility function of every individual has the same elasticity coefficient,
if η < 1/2 (η > 1/2), then in the type vector where every individual values the public good the most, by
proposition 5.1 the public good will be underfunded (overfunded), and so efficiency ex post will not follow.
In the next section, we turn to quantitative estimates of the inefficiency of quadratic funding, making
use of isoelastic utility functions and building on the intuition developed here.

6

Inefficiency estimates

Due to the generic inefficiency of the equilibrium that QF produces when the game has incomplete information, in this section we analyze the size of such inefficiency, as well as its sensitivity to variations to the
elasticity parameter. We are going to define two measures for the size of inefficiency, and analyze their
behavior when population size increases.
Before defining the measures of inefficiency, let us introduce the notion of “second-best” provision level
of the public good in a game G = {(vi )i∈I , Φ} .
D EFINITION 8. We say that F EA ≥ 0 is an ex-ante efficient provision for G if
" I
!
#
X
EA
F
= arg max E
vi (F ; θi ) − F .
F ≥0

i=1

That is, if it maximizes the expected social welfare before the individual types are known.
Notice the difference between the ex-ante and the ex-post efficient provision given in definition 5. The
ex-ante efficient provision represents the efficient level of public good provision when the probability distribution of types is used to measure the welfare of the society. Consequently, this provision level is the best
that the central planner could choose without using any mechanism to acquire information about the types.
Having defined both ex-ante and ex-post efficient provision levels of the public good, we can define our
measures for the size of inefficiency.
D EFINITION 9. The absolute deadweight loss for the contribution-based quadratic funding mechanism in
the game G is


∆W A := E W (F e (θ)) − W (ΦQF (c∗ (θ))) .
In words, the absolute deadweight loss is the expected loss in monetary terms of using the QF equilibrium to fund the public good instead of using the efficient level of the public good for each profile of types
that individuals may have.
D EFINITION 10. The relative deadweight loss for the contribution-based quadratic funding mechanism in
the game G is


E W (F e (θ)) − W (ΦQF (c∗ (θ)))
R
.
∆W :=
E [W (F e (θ)) − W (F EA )]
The relative deadweight loss measures the ratio between the absolute deadweight loss and the deadweight loss of providing the ex-ante efficient level of the public good rather than the ex-post efficient level.
The intuition behind this measure is that, by employing the quadratic funding mechanism, the social planner makes use private information about the individual types, whereas by choosing the ex-ante efficient
provision, no private information about individual types is gained. One would, therefore, expect QF to be
comparatively more efficient than this benchmark provision, in expectation, in situations where it is to be
8

employed. This is captured by a measure of ∆W R < 1, whereas ∆W R > 1 denotes situations where QF is
more inefficient than the ex-ante optimal provision.
Measures similar to that presented in definition 9 are commonly used in the literature (e.g., see Vives
2002; Rustichini et al. 1994). However, to the best of our knowledge, this is the first time that a measure
like the one in definition 10 is proposed.
To analyze the welfare changes as a response to population size increases, we consider an example
where each individual may have one of the same two types. Specifically, for i ∈ I, let |Θi | = 2, let
Pr(θi = θi1 ) = Pr(θi = θi1 | θj ) = 1/2 for all i, j ∈ I and i 6= j, and let their utility functions of consuming
the public good for each type be given by
vi (F ; θi1 ) =

F 1−η
,
1−η

F 1−η
.
1−η
Given the above setup, we have that the probability of 0 ≤ k ≤ I individuals being of type 1 follows
a binomial distribution. As individuals are symmetric, their contributions to the public good are identical
whenever they have the same type, so let us use the notation x1 := ci (θi1 ) and x2 := ci (θi2 ) to refer to these
contributions. The first order conditions for the problem of an individual with type 1 can be written as
vi (F ; θi2 ) = 2

1 1/2

(x )


I−1 
1−2η
1 X I −1 
(k + 1)(x1 )1/2 + (I − 1 − k)(x2 )1/2
.
= I−1
k
2
k=0

(2)

Respectively, for an individual with type 2:
2 1/2

(x )


I−1 
1−2η
1 X I −1 
= I−1
2 (k(x1 )1/2 + (I − k)(x2 )1/2
.
2
k
k=0

(3)

Solving equations (2) and (3) numerically, we obtain the QF equilibrium for this game.
The ex-post efficient provision level depends solely on the number of individuals with a certain type.
For a type profile θ ∈ Θ where the number of individuals with type 1 is 0 ≤ k ≤ I, the efficient provision
solves
F 1−η
F 1−η
max k
+ 2(I − k)
− F,
F ≥0 1 − η
1−η
whose first order conditions imply that
F e (θ) = (2I − k)1/η .

(4)

And finally, the ex-ante efficient provision level must solve
"
#
I  
1 X I
F 1−η
(k + 2(I − k))
− F,
max I
F ≥0
2 k=0 k
1−η
whose explicit solution is
#1/η
I  
1 X I
= I
(2I − k)
.
2 k=0 k
"

F EA

(5)

With the analytic forms found above, we are going to check if the inefficiency converges to zero as
the population size increases, a condition frequently evaluated in the literature (Lalley and Weyl 2019;
Rustichini et al. 1994). We also discuss the asymptotic behavior of the relative deadweight loss as the
number of participants goes to infinity.
9

First, let us think about the two evident effects that an increase in the population size brings to the
equilibrium. One of them is that a larger population increases, ceteris paribus, the number of contributions
to the public good, which in turn would augment the variance of the provision level. This effect exacerbates
the problem generated by incomplete information, resulting in an increase in deadweight loss. On the other
hand, a second effect takes place, which is dependent on η. When I increases, as the extra individuals make
positive contributions, this would ceteris paribus raise the level of funding for the public good. However,
proposition 5.1 asserted (in the complete information case) that different values of η result in different
responses of individual contributions to changes in aggregate provision. Namely, if η > 1/2, individuals
reduce their contributions, converging to zero as I approaches infinity. This promotes a reduction in the
dispersion of contributions, and thus lowers the problem caused by incomplete information. The opposite
occurs when η < 1/2, so the variance of contribution increases, contributing to an increase in inefficiency.
From now on, we will refer to these effects as contributor quantity effect and contribution dispersion effect,
respectively.
Figure 2 presents our plots for the absolute deadweight loss as a function of the population size. In
an attempt to isolate the contributor quantity effect, we start by analyzing the deadweight loss for the case
where η = 0.499. The reason for doing so is that this value is close enough to η = 1/2 for the contribution
dispersion effect to be comparatively small, while also being different from η = 1/2 and thus having a
non-zero deadweight loss for I ≥ 2. As we can see in, the deadweight loss in this case is approximately
linear.
For η = 1/4, and in line with our previous analysis, the contribution dispersion effect is such that it
contributes to a higher inefficiency as population grows. The combination of a positive contributor quantity effect and a positive contribution dispersion effect makes the total absolute deadweight loss grow at
increasing rates, reaching by far the largest order of magnitude of all plots in this figure.
On the other hand, when η = 1, the contribution dispersion effect lowers the rate of growth of inefficiency. The intensity of the effect is large enough to make the deadweight loss converge to a positive
value, but its magnitude is not sufficient to counter the contributor quantity effect, and hence QF is not
asymptotically efficient. However, when we set η = 1.5 > 1, the intensity of the contribution dispersion
effect becomes strong enough to cause QF to become more efficient as the population size grows, possibly
converging to zero.
We now show the relative deadweight loss in figure 3. Notice that all these graphs exhibit the same
shape, growing at decreasing rates and (apparently) converging to a positive value. This highlights the
advantage of QF in letting individuals choose their contributions using their private information; however, a
larger population diminishes the relative importance of the information possessed by each individual, thus
lowering the comparative efficiency of this mechanism.
Let us comment each case in that figure. For η = 0.499, the relative inefficiency converges to a very
low level. This is not surprising, since the proximity to η = 1/2 implies that the efficient individual
contributions change relatively little regarding increases in population size, and so the equilibrium remains
close to the efficient one. When η = 1/4, the relative inefficiency approaches 0.25, thus the absolute
inefficiency is approximately 1/4 of the ex-ante allocation inefficiency, which is of order greater than I 3 , as
can be checked from equations (4) and (5). In the case of η = 1, the inefficiency measure converges to 1
when I goes to infinity, indicating that QF is asymptotically equivalent to the ex-ante provision in terms of
efficiency. Lastly, if η = 3/2, we can see that QF becomes more inefficient than using the ex-ante efficient
provision. For values of I close to 200, we observe that the deadweight loss of QF is nearly 4 times larger
than that of the ex-ante efficient provision, indicating that in some situations QF can be substantially worse
than the second-best provision, which is the provision given by a central planner that has only information
regarding the type distribution. The value of η = 1.5 is often used in the literature in the context of elasticity
of consumption (Drupp et al. 2018), and if the same is true in the context of public good consumption, QF
might perform worse than our second-best provision level when applied in large populations.
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Figure 2: Absolute deadweight loss as a function of 1 ≤ I ≤ 200.

7

Conclusions

Mechanisms to attain the efficiency of decentralized public good provision are widely studied and discussed
in the literature. The difficulties posed by additional requirements, such as individual rationality or stability
of equilibria, constitute a challenge for theoretical and applied modeling of some of those mechanisms.
In this sense, the quadratic funding mechanism arises as a solution for reaching Pareto efficiency in a
decentralized way. Its simplicity and efficiency when the efficient amount is strictly positive make it a
promising scheme for financing public goods whenever the individuals have complete information regarding
their peers’ preferences.
In this work, we revisit the quadratic funding mechanism in the complete information setting and analyze the extent to which efficiency is maintained when there is incomplete information. For the complete
information framework, we generalize the efficiency result presented by Buterin et al. (2019) to show that
efficiency holds in a stronger sense given a standard set of assumptions. On the other hand, in the incomplete information framework, we find that efficiency is only attainable under knife-edge conditions on the
utility functions of the participants. In particular, we show that, for the class of isoelastic utility functions
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Figure 3: Relative deadweight loss as a function of 1 ≤ I ≤ 200.
representing the participants’ preferences for the public good, efficiency results if and only if the elasticity
coefficient is equal to 1/2.
In light of these results, we propose two measures for the size of inefficiency for the incomplete information game: the equilibrium’s absolute and relative deadweight loss. The absolute (monetary equivalent)
measure compares the expected welfare loss of using quadratic funding rather than the ex-post efficient
provision. The relative measure is the ratio between the absolute deadweight loss and the expected welfare
loss of the ex-ante (second-best) efficient provision, where the second-best allocation is the central planner’s provision given that she only knows the distributions of the individuals’ types. We utilize a setup
where individuals have isoelastic utility functions, and our analysis allows us to conduct several numerical
exercises. We find that when the population size increases, absolute deadweight loss asymptotically converges to a low value, possibly zero, when the elasticity coefficient is larger than one. On the other hand,
the relative deadweight loss converges to a value larger than one (i.e., the QF allocation is worse than the
second-best allocation) when the elasticity coefficient is larger than one.
The results presented here have important implications for the theoretical understanding and practical
usage of the quadratic funding mechanism and, more broadly, to quadratic pricing mechanisms. The fact
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that QF is almost always inefficient under incomplete information presents a crucial restraint to the application of the mechanism for funding public goods. Nevertheless, we have shown that one of the contexts
where it is efficient (namely, when the elasticity coefficient is equal to 1/2) corresponds to a situation where
individuals do not change their contribution in response to changes in the contributions of others. This
constitutes a situation that is both plausible and easily verifiable empirically, and indicates a promising direction for future research. Furthermore, in cases where the mechanism is not efficient, our quantitative
estimates allow for an assessment of the inefficiency of the mechanism when estimating the parameters. In
particular, if individuals change their contributions in response to changes in the contributions of others,
but this change is relatively small, then the mechanism correspondingly leads to results that are close to the
optimum; and even for large population sizes, if the elasticity coefficient is smaller than one, then it is superior to our second-best allocation. If this superiority is verified based on empirical estimates of the elasticity
coefficient, an important question for future research is how the quadratic funding mechanism performs in
practice when compared to commonly used mechanisms, such as majority voting or linear matching rules.
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Appendix
P
Proof. (Proposition 2.1) Let v : R+ × Θ → R be defined by v(F ; θ) = Ii=1 vi (F ; θi ), and fix θ ∈ Θ.
By Assumption 1, we have that v(·; θ) ∈ C 1 is strictly concave, and that limF →∞ v 0 (F ; θ) = 0. We then
have two cases: v 0 (0; θ) ≤ 1 or v 0 (0; θ) > 1. In the first case, it follows from the first order condition of
definition 5 that F = 0 is efficient. Furthermore, since v(·; θ) is a strictly concave function, we have that
v 0 (F ; θ) < 1 for all F > 0 and thus, again from definition 5, there can be no efficient provision F > 0.
Thus, F e (θ) = 0 is the unique efficient provision.
Now suppose that v 0 (0; θ) > 1. It follows that F = 0 is not efficient. Since limF →∞ v 0 (F ; θ) = 0, there
exists A ∈ R such that v 0 (A; θ) < 1. Thus, since v 0 (·; θ) is continuous, v 0 (0; θ) > 1 and v 0 (A; θ) < 1,
it follows from the intermediate value theorem that there exists 0 < B < A such that v 0 (B; θ) = 1.
Additionally, since v 0 (·; θ) is strictly decreasing, we have that v 0 (F ; θ) 6= 1 for all F 6= B. Therefore,
F e (θ) = B is the unique efficient provision.
For any θ ∈ Θ, we then have that in both cases there is a unique efficient provision F e (θ) ≥ 0. Thus, we
construct aunique function F e : Θ → R+ that maps each profile of types to its efficient funding, as desired.
Proof. (Proposition 2.2) We begin by proving the following claims.
C LAIM A.1. Suppose that, for all i ∈ I and θi ∈ Θi , we have that vi (·; θi ) ∈ C 1 is a strictly increasing
and strictly concave function. Then, for any i ∈ I and c−i ∈ RI−1
+ , the best-response correspondence
ci (·; c−i ) : Θi → R+ is at most single valued.
Proof. (Claim A.1) Without loss of generality, let us consider i = 1. Let θ1 ∈ Θ1 be the type of this
individual, and suppose that there exist a, b ∈ R+ , a < b, best-responses to c−i . Let ε = b1/2 − a1/2 > 0.
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From the first order conditions, we have
 "
#2  "
# 
I
I
X
X
(ci (θi ))1/2 ; θi  · a1/2 +
(ci (θi ))1/2 θi 
a1/2 = E v10  a1/2 +
i=2


=a

1/2

E

"

v10

 a

1/2

i=2

I
X
+
(ci (θi ))1/2



#2



; θi  θi 

i=2



"

+ E v10  a1/2 +

 "

#2

I
X

(ci (θi ))1/2

; θi  ·

i=2

I
X



#
(ci (θi ))1/2

θi  .

i=2

Notice
the term in the third lineabove
 that
 is nonnegative; thus, the equality above is satisfied only if
h
i2
P
E v10
a1/2 + Ii=2 (ci (θi ))1/2 ; θi θi ≤ 1. Thus, since b > a and v10 is strictly decreasing, we have
that


"

I
X
0  1/2

b +
(ci (θi ))1/2
E v1

 "

#2

; θi  ·

I
X

i=2



"

< E v10  a1/2 +

#
(ci (θi ))1/2


θi 

i=2
I
X
(ci (θi ))1/2

#2

 "
# 
I
X
; θi  ·
(ci (θi ))1/2 θi  ,

i=2

i=2

and


"

b1/2 E v10  b1/2 +

I
X



#2
(ci (θi ))1/2



; θi  θi 

i=2



"

< a1/2 E v10  a1/2 +

I
X

#2
(ci (θi ))1/2





; θi  θi  + ε.

i=2

Thus, adding the inequalities and using the fact that a and b satisfy the first order conditions, it follows that
a1/2 + ε > b1/2 . But this contradicts the definition of ε. This contradiction completes the proof.
C LAIM A.2. Suppose that, for all i ∈ I and θi ∈ Θi , we have that vi (·; θi ) ∈ C 1 is a strictly concave
function and limF →∞ vi0 (F ; θi ) = 0. Then, there exists A > 0 such that, for any i ∈ I and θi ∈ Θi , if the
contributions of all other individuals belong to [0, A] for any profile of types, then i’s best-response also
belongs to this interval.
Proof. (Claim A.2) Under the given hypotheses, we can then define, for each i ∈ I, a function fi : Θi →
R+ mapping each θi to f (θi ) > 0 such that vi0 (f (θi ); θi ) < 1/I. Now, letting A := max{fi (θi ); i ∈ I, θi ∈
Θi }, by the hypothesis of strict concavity of vi it follows that vi0 (A; θi ) < 1/I, for all i ∈ I and all θi ∈ Θi .
Now, suppose that, for some j ∈ I, we have that ci (θi ) ∈ [0, A] for all i 6= j and all θi ∈ Θi , and the
best-response of j with type θj ∈ Θj is k > A. Since k > 0, the first order conditions for individual j’s
problem imply that
 "
#2  "
# 
X
X
k 1/2 = E vj0  k 1/2 +
(ci (θi ))1/2 ; θj  · k 1/2 +
(ci (θi ))1/2 θj 
i6=j

"

X
1
< E k 1/2 +
(ci (θi ))1/2 θj
I
i6=j

i6=j

#

1
< I · k 1/2 ,
I
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where the first inequality follows from vj0 (A; θj ) < 1/I and vj (·; θj ) being strictly concave, and the second
inequality follows from ci (θi ) ∈ [0, A] for all i 6= j. It results that k < k; this contradiction completes the
proof.
Now, we return to the proof of the proposition. For each individual i ∈ I, let |Θi | = Li . We can restrict
the domain and range of the best-response functions to the interval [0, A], using A > 0 given in Claim A.2.
Thus, the problem of individual i with type θi is

 
max E vi ΦQF (ci , c−i (θ−i )); θi θi − ci .
ci ∈[0,A]

Notice that the function that is being maximized is continuous and the feasibility correspondence is continuous and compact valued (it is the constant interval [0, A]). Thus, by the Theorem of the Maximum (Berge
1963, ch. 6), we have that the best response correspondence for i is not empty and is upper hemicontinuous.
Additionally, by Claim A.1, wePcan conclude that
it is a continuous function. Hence, the
whole game bestPI
PI
I
L
L
response function BR : [0, A] i=1 i → [0, A] i=1 i is also continuous. Since [0, A] i=1 Li is a compact
and non-empty set, the Brouwer fixed point theorem (Milnor 1965) allows us to conclude that BR has a
fixed point, which is clearly an equilibrium for QF.
Proof. (Proposition 3.2) It follows from the assumption of complete information that every individual has
a type set with a single element, and that the set of type vectors only has a single element. Thus, to simplify
the notation, we use vi to denote vi (·; θi ), and F e to denote F e (θ).
By proposition 2.1, we know that the hypotheses adopted here guarantee that there is a unique efficient
provision F e ≥ 0. There are two cases: F e = 0 or F e > 0. First, suppose we have F e = 0. We are going
to show that 0 is an equilibrium for ΦQF . Consider the problem faced by some individual i ∈ I when all
other individuals are contributing zero to the mechanism:
h
i2 
1/2
max vi ci + 0
− ci .
ci ≥0

Which can be written as
max vi (ci ) − ci .
ci ≥0

Thus, the first order condition for the individual i is thatP
vi0 (ci ) ≤ 1, with equality holding when ci > 0. But
e
note that, since F = 0, we have from definition 5 that Ij=1 vj0 (0) ≤ 1. In particular, since vj is increasing
for all j ∈ I, this implies that vi0 (0) ≤ 1. Thus, ci = 0 satisfies the first order condition for i. But since the
choice of i was arbitrary, we have that 0 is an equilibrium for ΦQF .
Now, suppose F e > 0. For all i ∈ I, let
ci = vi0 (F e ) · (F e )1/2

2

.

(6)

P
1/2
It is easy to check that F e = ΦQF (c) = [ Ii=1 ci ]2 . Rearranging, we obtain
vi0 (F e ) =

(ci )1/2
,
(F e )1/2

which is precisely the first order condition for the individual i’s optimization problem in the QF mechanism.
We can thus conclude that the vector c = (c1 , · · · , cI ) as defined by equation (6) is an equilibrium of QF
and its provision is efficient.
Thus, in all cases, there exists an equilibrium allocation c∗ such that ΦQF (c∗ ) = F e , as we wanted to
show.
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Proof. (Proposition 4.1) First, suppose that F e (θ) = 0 for all θ ∈ Θ. Let us prove that c(θ) = 0 for all θ
is an equilibrium for QF. Suppose that, for some i ∈ I we have that all other individuals are playing the
strategy profile c−i (θ−i ) = 0. The problem faced by the individual i with some type θi ∈ Θi is given by

 
max E vi ΦQF (ci , c−i (θ−i )); θi θi − ci .
ci ≥0

Substituting c−i (θ−i ) = 0 and the definition of QF, the problem above becomes
max vi (ci ; θi ) − ci ,
ci ≥0

let ci (θi ) be the solution, then the first order conditions are
vi0 (ci (θi ); θi ) ≤ 1,
P
with equality holding if ci (θi ) > 0. Since F e (θ) = 0 for all θ ∈ Θ, it implies that Ij=1 vj0 (0; θj ) ≤ 1. It
follows that vi0 (0; θi ) ≤ 1. Thus, ci (θi ) = 0 satisfies the first order conditions for i, as we wanted to show.
Now, we prove the reciprocal using a contradiction argument. The hypothesis asserts that there exist
0
θ ∈ Θ for which F e (θ0 ) = 0 and that QF is efficient. Then, suppose that there is a θ00 ∈ Θ, such that
F e (θ00 ) > 0. Let c be an efficient equilibrium for QF. The first order condition for individual i’s problem
for the type profile θ00 is
#
"
1/2
 QF ∗
Φ
(c
(θ))
θi00 ≤ 1,
(7)
E vi0 (ΦQF (c∗ (θ))); θi00 ) ·
c∗i (θi00 )
which cannot be satisfied for c∗i (θi00 ) = 0, since Pr(θ00 ) > 0, F ∗ (θ00 ) = F e (θ00 ) > 0, and vi0 (F ∗ (θ00 ); θi00 ) > 0.
Therefore, c∗i (θi00 ) > 0. Since i is arbitrary, it results c∗ (θ00 )  0. Now, let us consider the first order
condition of individual i’s problem when her type is θi0 ,
"
 QF ∗
1/2 #
Φ
(c
(θ))
E vi0 (ΦQF (c∗ (θ))); θi0 ) ·
θi0 ≤ 1,
(8)
c∗i (θi0 )
00
00
)  0, we have that c∗i (θi0 ) > 0,
with equality holding when c∗i (θi0 ) > 0. Since Pr(θi0 , θ−i
) > 0, and c∗−i (θ−i
00
because the numerator of the expected value when θ = (θi0 , θ−i
) is strictly positive. Thus, c∗i (θi0 ) > 0.
QF
0
e 0
But then, Φ (c(θ )) > 0 = F (θ ), which is a contradiction to the efficiency of QF. This completes the
proof.

Proof. (Proposition 4.2) Without loss of generality, let j = 1. First, suppose that QF is efficient, that is,
there exists an equilibrium strategy profile c∗ such that ΦQF (c∗ (θ)) = F e (θ). For θ ∈ Θ, the efficiency of
F e (θ) > 0 implies
I
X
0
e
v1 (F (θ); θ1 ) +
vi0 (F e (θ); θi1 ) = 1.
i=2

Thus,
I
X

vi0 (F e (θ); θi1 ) = 1 − v10 (F e (θ); θ1 ).

(9)

i=2

Since j = 1 has complete information regarding the other individuals’ preferences, it follows that
v10 (F e (θ); θ1 ) =
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(c1 (θ))1/2
.
(F e (θ))1/2

(10)

Thus, equations (9) and (10) imply that
I
X

vi0 (F e (θ); θi1 )

PI
=

i=2

1 1/2
i=2 (ci (θi ))
,
(F e (θ))1/2

PI

and so letting A = i=2 (ci (θi1 ))1/2 yields the desired result.
P
To prove the converse, suppose that there exists a constant A ∈ R such that Ii=2 vi0 (F e (θ); θi1 ) =
A(F e (θ))−1/2 . Define the contribution of individual i ∈ I with type θi ∈ Θi by

2
ci (θi ) = E vi0 (F e (θ)) · (F e (θ))1/2 θi1 ,
(11)
which is well-defined since F e (θ) exists and is unique. Note that these contributions satisfy the first order
conditions if the generated level of the public good is equal to F e (θ), so let us prove this equality.
Since each individual i = 2, · · · , n has only one single type, the conditional expectation in equation (11)
is equal to the unconditional expectation. Taking the square root of both sides and taking the sum yields
I
I
X
X


1 1/2
(ci (θi )) =
E vi0 (F e (θ)) · (F e (θ))1/2
i=2

i=2

"
e

1/2

= E (F (θ))

I
X

#
vi0 (F e (θ))

i=2



e

1/2

= E (F (θ))

A
e
(F (θ))1/2



= A.
Thus, substituting the left-hand side on
I
X

PI

i=2

vi0 (F e (θ); θi1 ) = A(F e (θ))−1/2 we get

vi0 (F e (θ); θi1 ) =

i=2

PI

1 1/2
i=2 (ci (θi ))
(F e (θ))1/2

(12)

On the other hand, since the individual 1 has complete information, rearranging equation (11) we get
(c1 (θ1 ))1/2
.
(13)
(F e (θ))1/2
P
Finally, adding equations (12) and (13), and using the fact that Ii=1 vi0 (F e (θ); θi ) = 1 (because F e (θ) is
the efficient provision), we get that ΦQF (c(θ)) = F e (θ). Thus, it follows that the contributions specified
in equation (11) do indeed satisfy the first order conditions of an equilibrium, and that this equilibrium is
efficient, as we wanted to show.
v10 (F e (θ); θ1 ) =

Proof. (Proposition 5.2) If η = 1/2, then for all i ∈ I we have that vi0 (F ; θi ) = βi (θi )F −1/2 . For every
i ∈ I, let us define ci (θi ) by

2
ci (θi ) = E vi0 (F e (θ); θi ) · (F e (θ))1/2 θi ,
(14)
which is well-defined since F e (θ) exists and is unique. These contributions satisfy the first order conditions
of the individual problem. Let us show that ΦQF (c(θ)) = F e (θ). Substituting vi0 (F ; θi ) in equation (14) we
get


(ci (θi ))1/2 = E βi (θi ) · (F e (θ))−1/2 · (F e (θ))1/2 θi
= βi (θi ),
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therefore, we have
vi0 (F e (θ); θi ) =

(ci (θi ))1/2
.
(F e (θ))1/2

So, adding this expression for all i,
I
X

vi0 (F e (θ); θi )

PI
=

i=1

1/2
i=1 (ci (θi ))
.
(F e (θ))1/2

Hence, since F e (θ) is efficient, we have that the left-hand side of the above equation is equal to one. We
P
2
I
1/2
then have that ΦQF (c(θ)) =
(c
(θ
))
= F e (θ), and the equilibrium c is efficient.
i=1 i i
To prove the converse, suppose that QF is efficient and η 6= 1/2. By hypothesis, we know that there
exists some j ∈ I and types θjk , θj` ∈ Θj such that βj (θjk ) 6= βj (θj` ). Without loss of generality, let
βj (θjk ) > βj (θj` ). Now, let θ ∈ Θ be the type profile such that βi (θi ) ≥ βi (θi ), for all i ∈ I and all θi ∈ Θi .
Let c∗ be the efficient equilibrium. Then, the first order condition for the individual i in the type profile θ
imply that


(15)
(c∗i (θi ))1/2 = βi (θi ) · E (F e (θ))1/2−η θi .
Let
that η P
> 1/2 (the case η < 1/2 is analogous). First, efficiency implies that, for any θ ∈ Θ,
PI us suppose
I
e
0
βi (θi )·(F e (θ))−η = 1. Then, as βi (θi ) ≥ βi (θi ) for all i and all θi , it follows that
(F
(θ);
θ
)
=
v
i
PIi=1 i0 e
Pi=1
I
e
−η
≥ 1, for all θ ∈ Θ. From strict monotonicity of vi0 (·; θi ), we
i=1 vi (F (θ); θ i ) =
i=1 βi (θ i ) · (F (θ))
have that F e (θ) ≥ F e (θ), for all θ ∈ Θ, in particular, F e (θ) > F e (θj` , θ−j ). Thus, as 1/2 − η < 0, it follows
that (F e (θ))1/2−η ≤ (F e (θ))1/2−η for all θ ∈ Θ and, in particular, (F e (θ))1/2−η < (F e (θj` , θ−j ))1/2−η . Since

Pr θj` θi > 0 for all i 6= j, we then have


E F e (θ))1/2−η θi ≥ (F e (θ))1/2−η

(16)

for all i ∈ I, with strict inequality when i 6= j. By (15) and (16) we have that
(c∗i (θi ))1/2 ≥ βi (θi ) · (F e (θ))1/2−η

(17)

for all i ∈ I, with strict inequality when i 6= j. Adding (17) across all i ∈ I yields
I
I
X
X
∗
1/2
e
1/2
(ci (θi )) = (F (θ)) >
βi (θi ) · (F e (θ))1/2−η .
i=1

(18)

i=1

Dividing both sides of the inequality in (18) by (F e (θ))1/2 , we get
1>

I
X

e

−η

βi (θi ) · (F (θ))

i=1

=

I
X

vi0 (F e (θ); θi ),

i=1

which is a contradiction to the definition of efficient provision. This completes the proof.

19

(19)

