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Abstract 

This study presents a simple dynamic macroeconomic model that explores the interaction between 
private and public physical capital accumulation in a surplus labor developing economy. We introduce 
fiscal policy in a Lewis development framework through investments in public infrastructure. Innovatively, 
public infrastructure is modeled under congestion. The model shows that when both levels of public and 
private physical capital are relatively low there is a crowd out effect on private investment that creates the 
necessary conditions for the emergence of a development trap, from which a surplus labor economy, if left 
to the free play of its structural forces, may never escape. Once caught in such a trap, the economy can be 
potentially released from it through a Big Push of public or private capital, or a sufficient balanced 
combination of both. Our contribution also shows that overcoming underdevelopment inevitably involves 
a phase of strategic complementarity, or cumulative causation, between public and private investment in 
capital formation.  
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Resumo 
Este estudo apresenta um modelo macroeconômico dinâmico simples que explore a interação entre 

a acumulação de capital público e privado em uma economia em desenvolvimento com excedente de 
trabalho. Introduzimos política fiscal no modelo de desenvolvimento de Lewis por meio de investimentos 
em infraestrutura pública. De maneira inovadora, a infraestrutura pública é modela sob congestionamento. 
O modelo mostra que quando ambos os níveis de capital público e privado são relativamente baixos existe 
um efeito de deslocamento do investimento privado que cria as condições necessárias para a emergência 
de uma armadilha de desenvolvimento, da qual essa economia em desenvolvimento, se deixada ao livre 
jogo de suas forças estruturais, pode nunca escapar. Uma vez presa em nesta armadilha, a economia pode 
potencialmente escapar dela por meio de um Big Push de capital público, privado ou uma combinação 
equilibrada de ambos. Nossa contribuição também mostra que a superação do subdesenvolvimento 
inevitavelmente envolve uma fase de complementaridade estratégia ou causação cumulativa entre 
investimentos públicos e privados na formação de capital. 

 
 

Palavras-chave: Infraestrutura pública per capita; acumulação de capital; armadilha de desenvolvimento. 
 
Área da Anpec: Macroeconomia, economia monetária e finanças.  
 
 

 
1 Correspondence: Carlândia Brito Santos Fernandes, Department of Economics, State University of Maringá, Av. Colombo, 
5790 - Bloco C34, 87020-900, Maringá-PR, Brazil. E-mail: cbsfernandes@uem.br. 
* This research was supported by FAPESP (São Paulo Research Foundation) grants 2012/04600-0 and 2013/07326-9. The 
opinions, assumptions, conclusions, and recommendations expressed in this material are those of the authors and do not 
necessarily reflect the views of FAPESP. ** We are extremely grateful to Gilberto Tadeu Lima for useful conversations, 
comments and suggestions, and Albert Fishlow for related discussions while Carlândia was a visiting scholar at Columbia 
University, 



 2 

1 Introduction  

Physical capital is one of the main engines of economic growth. But to understand both the process 

of economic growth and large cross-country inequalities is also needed to understand how public and 

private investments interact in determining physical capital accumulation. As capital restraint can be 

arguably viewed as the decisive barrier to economic growth in developing countries, the issue of capital 

formation remains a crucial point in the development macroeconomics literature. 

A broad empirical literature has recently explored the role of both private and public infrastructure 

to reduce poverty (Calderón and Servén, 2010; Medeiros, Ribeiro, and Amaral, 2021), income inequality 

(Makmuri, 2017; Medeiros and Ribeiro, 2020), to improve health conditions (Bancarali, 2020), and the 

level of environmental quality (Erdogan et al., 2020) in low- and medium-income developing countries. 

These growth and development-related outcomes reinforce the view that low- and medium-income 

developing countries face a particular challenge.  

In Somalia, for instance, only 36% of the population has access to electricity, about 25% of total 

roads are paved, and less than one hospital bed per one thousand people is available. The deficiency in 

infrastructure is not limited to low-income developing countries. In Pakistan, a lower-middle-income 

country, about 73.9% of the population has access to electricity, 65% of total roads are paved, and the 

number of hospital beds by one thousand people is 0.6 (World Bank, 2019). Given that opportunities for 

public-private partnerships in infrastructure in low- and medium-income developing countries, in general, 

are limited, closing infrastructure gaps require a substantial increase in public investment (Agénor and 

Moreno-Dodson, 2006). 

A common view is that public infrastructure services have a growth-promoting effect through a 

positive impact on the productivity of private inputs (Aschauer, 1989; Barro, 1990), especially when the 

level of infrastructure is relatively low. A rise in the productivity of capital inputs increases the profit rate, 

which, in turn, eventually increases the demand for private physical capital inputs. In this view, private and 

public investments have a complementarity effect on capital accumulation (Munnell, 1990, 1992; Easterly 

and Rebelo, 1993; Benos, 2009). But in the context of capital restraint, on the other hand, the level of public 
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investment mostly depends on taxation over dynamic sectors, which depending on its impact on the net 

profit income, inter alia, can crowd out private investment itself. In this case, the levels of private and 

public infrastructure are inversely related, which, under certain conditions, may compromise economic 

growth. 

This paper explores the interaction between public and private physical capital accumulation and 

its implications for economic growth in a simple Lewis development macromodel (Lewis, 1954; Ros, 

2013). The model extends a Lewis development framework by including public capital infrastructure. The 

government taxes the profit income of the Modern sector, and the resulting revenue is completely invested 

in the provision of public infrastructure. So, in this model, the interaction between the tax collection system 

and the government spending on infrastructure can be defined by fiscal policy.  

Our analytical contribution is related to a literature that has been addressing the role of public 

infrastructure within Lewis's development framework, for example, Martins-Neto and Lima (2017). While 

the essence of the model bears some resemblance to Martins-Neto and Lima (2017) approach, the model 

distinguishes at least two central points. Innovatively, we allow for public infrastructure congestion, in 

which public capital services has a growth-promoting effect on the Modern sector, but its productivity 

spillover effects are diminished by excessive use, as measured by the size of population. In a broad yet 

relevant sense, such an assumption is consistent with a view on the effects of congestion externalities on 

development macroeconomic models (Agénor, 2012; Dinkelman and Schulhofer-Wohl, 2015). In addition, 

the model considers public infrastructure as an accumulative factor, which allows us to explore the 

interaction of public and private infrastructure in capital accumulation.  

When both levels of public and private capital-labor ratios are relatively low, the model shows that 

the crowd out effect on private investment creates the necessary conditions for the emergence of a 

development trap, from which a surplus labor economy, if left to the free play of its structural forces, may 

never escape. Once caught in such a trap, an economy can be potentially released from it through a Big 

Push of public or private capital, or a sufficient combination of both. Interestingly, our contribution shows 
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that in all the three cases, overcoming underdevelopment, inevitably involves a phase of strategic 

complementarity, or cumulative causation, between public and private investment in capital formation. 

The remainder of this paper is organized as follows. The second section presents the structure of 

the model. The third section illustrates and analyses the behavior of the model in the long run. The paper 

closes with a summary of the main conclusions derived along the way. 

 
2 The structure of the model 

Consider a closed economy model with a labor surplus and two sectors, the traditional or subsistence, 

S, sector and the modern sector, M, that produces the same final good or service, which is used for 

consumption and investment. The technology of the modern sector exhibits constant returns to scale: 

𝑀 = 𝐾!𝐿"#$!𝑔%,                                                               (1) 

in which K is the private physical capital stock, LM is the number of workers employed in the modern sector, 

with 𝛼 ⊂ (0,1) ∈ R. In turn, g is the ratio between the stock of public capital, G, and the total population, 

L, 𝑔 = &
'
, with µ ⊂ (0,1) ∈ R. It is supposed further that µ < 𝛼 and 1 − 𝛼 − µ > 0. Following an extensive 

literature on the role of the public sector in endogenous growth (e.g., Barro, 1990; Fisher and 

Turnovsky,1998), g is modeled as a service that is nonexcludable, but rivals, so that as L increases, g 

decreases, implying that the service obtained from the stock of public capital by the modern sector 

decreases. The strength of congestion is thus proportionally measured.  In this sense, g represents what we 

call social overhead public infrastructure, that is subject to congestion. Uzawa (2005) remembers that the 

effectiveness of services of social common capital for each member of the society, including private firms, 

depends upon the extent to which other members of the society are using the same services. This mean that 

as highways and water systems become crowded with usage, benefits to users may diminish (Rioja, 1999). 

We use the term social overhead public infrastructure in an analogous way to that of social overhead 

capital (SOC), which is broadly defined by Hirschman (1958) as comprising those basic services without 

which virtuous productive activities cannot function. The concept of SOC is not easy to define in a rigorous 

way. Hirschman emphasizes three main broad characteristics of SOC: (i) it is capital formation in a central 

area which is essential to a range of virtuous economic activities; (ii) it is usually, but not exclusively, 
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carried out by the government; and (iii) it is a non-tradable stock of capital associated with external 

economies. In the present model, we restrict the SOC to be formed solely by public capital, or infrastructure. 

We focus on specific forms of public capital subjected to congestion, and where rivalry arises from the use 

of the total population. The term “social” thus captures not only the nonexcludable nature of public capital, 

but also its use by the population. Some forms of investment in formal and technical education, housing, 

and transport are included in this broad set of social public infrastructure. 

Robust empirical evidence emphasizes the role of social infrastructure on welfare and economic 

growth of low- and medium income developing countries. Duflo (2004), for example, studies the medium 

run consequences of an increase in the rate of accumulation of social infrastructure in Indonesia, where 

from 1974 to 1978, the government built over 61,000 primary schools. This program has induced a long-

lasting change in the rate of human capital accumulation in the regions it affected most. In line with the 

prediction of a dual economy model, the rise in the productivity of the labor force was entirely absorbed by 

the formal sector. Banerjee, Duflo and Qian (2020), in turn, estimates the effect of transport infrastructure 

on the regional per capita gross domestic product in China. The study finds a moderately sized positive 

causal effect of transport infrastructure networks on per capita income levels across different regions. In a 

macroeconomic level, Sabir and Shamshir (2020) disaggregate infrastructure into economic and social 

infrastructure to capture its impacts on long-run economic growth of Pakistan for the period 1971–2014. 

The study shows that a pool of investments in social infrastructure have a positive and increasingly effect 

on economic growth both in short and long run. 

As in Lewis (1954), the subsistence sector uses traditional production techniques that are labor-

intensive and exhibits constant returns to scale:  

,                                                                         (2) 

where LS is the labor input and WS is the wage in the traditional sector, and thus the average product of 

labor is constant. For the sake of simplicity and tractability of the dynamic system described more below, 

we neglect the impact of social overhead public infrastructure on the output of the subsistence sector. 

Therefore, it is supposed that, although available to workers in the subsistence sector, the services provided 

 S =WS LS



 6 

by the stock of public capital generate spillovers effects only on the sector that accumulates capital, in an 

analogous way of Romer (1986). If the subsistence sector is confined to a rural region, while the modern 

sector to an “urban” region, it is also possible to understand the specific social overhead public effect in 

terms of an unbalancing growth strategy. According to Hirschman (1958), no developing country has 

sufficient endowment to enable it to invest simultaneously in all sectors of the economy in order to achieve 

a balanced growth. For Hirschman (1958), the social overhead capital must be supplied in adequate volume 

to support and stimulate the growth of industry. All in all, a rise in the productivity of labor force induced 

from a change in g is entirely absorbed by the modern sector (Duflo, 2004). 

These two sectors will coexist until the excess of labor remains, that is, whereas the economy is 

underdeveloped (not mature at the development level, not industrialized or with structural dualism). When 

the economy reaches the mature phase, the traditional sector will no longer exist.  

In turn, the government, by assumption, operates on a balanced budget, that is, the government 

spends all its tax revenue to provide the social overhead public infrastructure, as an input to the modern 

sector. Then, through the tax and spending policies, detailed more below, the government, has a 

fundamental role in economic development and growth since the economy will not be able to develop if 

the government does not provide the supply of the public infrastructure in a proper flow. In fact, as 

discussed in what follows, a connection, or cycle, which may be vicious or virtuous depending on the phase 

of economic development, will occur.  

 
2.1 Wages, profit rate and social public investment 

 In the subsistence sector, the average product of labor determines wages, so wages are constant 

and will remain so as long as there is labor surplus in this economy. In the modern sector, on the other hand, 

the wage is determined by the wage in the subsistence sector plus a wage premium that it has to pay to 

attract workers from the other sector. As in Lewis (1954), this difference is resulted from the higher cost of 

living that workers would have from the moment that they choose to get a job outside of their original 

sector. The wage premium, f-1, is constant so that, as long as the two sectors coexist, the modern sector 

pays a real wage, WM, given by: 
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𝑊" = 𝑓𝑊(.                                                                    (3) 

 For simplicity and tractability, we supposed that the wage premium is equal to zero (i.e f = 1). 

Then, we have that 𝑊" = 𝑊( = 1, without it making any significant qualitative difference in the analysis. 

In addition, it is supposed perfect competition in both product and factors markets. Meanwhile, when 

maturity as a developed economy is reached, labor supply becomes inelastic, and the wage is equal to its 

marginal product. Hence, from the first order conditions, the wage paid in the modern sector in the mature 

phase, under	𝐿( = 0, is given by the following equation:  

𝑊" = (1 − 𝑎) < )
'!
=
*
𝑔%.                        (4) 

 The wage of the modern sector in mature phase is positive affected by the private capital stock, 

since the higher is, the higher the labor demand is and the higher the wages are. Alternatively, the higher 

the employment share of the modern sector is, the smaller the wage is, which happens when the modern 

sector faces an excess supply of labor. The social overhead public infrastructure also has a positive effect 

on wage of the modern sector, as this service generates a positive effect on the capital used by the modern 

sector, leading to an increase in the labor demand and thus in wage income. 

The profit rate on private physical capital, r, is the marginal product of private capital in both 

development phases and is expressed by: 

𝑟 = 𝑎('!
)
)#$*𝑔%s.                                                               (5) 

The social overhead public infrastructure positively affects the profit rate on private stock of capital. 

A rise in the productivity of private capital inputs increases the profit rate, which, in turn, increases the 

demand for private physical capital inputs. However, the productivity effects of public infrastructure 

services are diminished by excessive use, as measured by the size of population. In turn, the level of private 

physical capital is negatively related to the profit rate, as expected. 

Regarding social overhead public infrastructure (g) the government finances it by a tax aliquot, τ 

⊂ (0,1) ∈ R, exogenously determined, on the profits of the modern sector.  

𝐼& = 𝜏𝑟𝐾.                                                                      (6) 

K
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This is a permanent balanced budget, with, 𝐼& , representing the public investment, the government 

thus spends all its revenue by investing in social public infrastructure (Fisher; Turnovsky, 1998). The next 

section describes how the economy moves over time, with the state variables of interest being the private 

physical capital-labor ratio, k, and the social overhead public infrastructure, g. 

 
3 The behavior of the model in the long run  

In the long run, it is supposed that the short-run equilibrium values of the variables are always 

attained with the economy moving in time due to changes in K, G, and L. Regarding G, we suppose that 

the social public infrastructure depreciates at a rate of 𝛿 ⊂ (0,1) ∈ R. Then, from (6), the level of public 

infrastructure changes in time according to the difference between the flow of public investment and public 

capital depreciation (Carboni; Medda, 2011): 

+&
+,
= 𝜏𝑟𝐾	 − 	𝛿𝐺.                                                                (7) 

Hence, we can write the growth rate of the social overhead public infrastructure as:  

𝑔C = 𝜏𝑟𝑘𝑔$# 	− (𝑛 + 𝛿),                                                          (8) 

in which 𝑛 ∈ R is the population growth rate, taken as exogenous and fixed. 

Following Ros (2013), the dynamics of the per capita private capital accumulation can be defined 

as follows: 

𝑘G = 𝑠(1 − 𝜏)𝑟	–	(𝑛	 + 	𝛿),                                                       (9) 

in which is supposed that firm-owner capitalists save a given fraction, s ⊂ (0,1) ∈ R, of their net profits, 

and private physical capital depreciates at the same as public infrastructure. As usual, the rate of change of 

private physical capital per unit of labor is the difference between actual net investment per unit of labor 

and the breakeven even investment (𝑛	 + 	𝛿).    

A full description of the long-run behavior of the model depends on the profit rate of the modern 

sector in the labor surplus phase (when  and 𝑊" = 𝑊( = 1) and the mature one (when  and 

𝑊" is represented by (4)). Then, using these definitions in (5), the profit rate in both development phases 

can be rewritten, respectively, as:  

LS > 0 LS = 0
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𝑟- = 𝛼(1 − 𝛼)
"#$
$ 𝑔

%
$ ,                                                            (10) 

 

𝑟. = 𝛼𝑘!$#𝑔% .                                                                 (11) 

Note that when , the profit rate does not depend on the level of private capital-labor ratio. 

When , the profit rate decreases as k increases, since  is lower than unity, which indicates the 

presence of decreasing returns to capital in technology production of the modern sector. However, in the 

two phases the profit rate increases as the social overhead public infrastructure expands. This result is in 

line with common view that public infrastructure services have a growth-promoting effect through a 

positive impact on the productivity of private inputs (Aschauer, 1989; Barro, 1990). A rise in the 

productivity of capital inputs increases the profit rate, which, in turn, eventually increases the demand for 

private physical capital inputs. However, the profit rate increases at a diminishing rate with the level of g. 

Now, that we have the profit rates is necessary to compute the rates of accumulation of private 

physical capital, 𝑘G, and the social overhead public infrastructure, 𝑔C, for the different development phases. 

From equation (10) into (8) and (9) the two-dimensional non-linear dynamical system in the labor surplus 

phase is respectively given by: 

𝑔C = 𝜏𝜃𝑘𝑔
%#$
$ 	− 	(𝑛 + 𝛿),                                                        (12) 

 
𝑘G = 𝑠(1 − 𝜏)𝜃𝑔

%
$ 	− 	 (𝑛	 + 	𝛿),                                                  (13) 

 

in which 𝜃 = 𝛼(1 − 𝛼)
"#$
$ . From (12), the rate of change of social overhead public infrastructure increases 

with k, while g negatively affects 𝑔C, once 𝜇 < 𝛼. From (13), the rate of change of private physical capital 

per unit of labor, 𝑘G ,increases with g. All the causal channels are being driving by market and external effects 

on the profit rate (10). The dynamical system (12)-(13) has a unique pair of economically relevant (i.e., 

strictly positive) equilibrium values, (𝑘-∗ , 𝑔-∗ )  (Appendix).  

 The properties of the system can be qualitatively analyzed using a Taylor’s expansion on the 

neighborhood of the unique pair equilibrium values:  

M
+0
+,
+1
+,

N ≅ M
+0&

∗

+,
+1&

∗

+,

N + P
(𝜇 − 𝛼)𝛼$#𝜏𝜃𝑘-∗ 𝑔-∗

(%$!)!#" 𝜏𝜃𝑔-∗
%!#"

𝜇𝛼$#𝑠(1 − 𝜏)𝜃𝑘-∗ 𝑔-∗
(%$!)!#" 0

Q R𝑔 − 𝑔-
∗

𝑘 − 𝑘-∗
S. 

LS > 0

LS = 0 α
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 In the Jacobian matrix, note that as 𝛼 > 𝜇,  𝐽##	is negative. A rise in the level of social overhead 

public infrastructure causes a reverse effect on the rate of change of g. In turn, a rise in the level of capital-

labor ratio increases the profit rate, which in turn increases the mass of gross profits, and thus the tax 

revenues that finance public infrastructure accumulation, thus justifying 𝐽#4 > 0 . In turn, the social 

overhead public infrastructure increases the rate of capital accumulation, 𝐽4# > 0. As discussed above, g 

has a growth-promoting effect through a positive impact on the productivity of private physical capital, so 

that a rise in the productivity of the private capital input increases the profit rate, which, in turn, increases 

capital accumulation. Also note that when , the profit rate (10) does not depend of the level of private 

capital-labor ratio, so that 𝐽44 = 0. 

     Given that both 𝑘-∗ 	and	𝑔-∗  are strictly positive, it is readily seen that the determinant of the 

Jacobian matrix is unambiguously negative. Then, the equilibrium at the labor surplus phase is saddle-point 

unstable, which is represented in Figure 1. In panel (a), the axis are the respective levels for g and k, with 

the two demarcation curves intersecting at the equilibrium point 𝑈∗ and dividing the phase portrait into four 

distinct regions. When the level of the social overhead public infrastructure is continuously increasing (g-

axis), the rate of change of g undergoes a steady decrease, so that +0
+,

 is positive (negative) below (above) 

the +0
+,
= 0 isocline. Moreover, when the level of g is continuously increasing (g-axis), the rate of change 

of the private capital-labor ratio steady increase, with +1
+,

 being negative (positive) below (above) the +1
+,
=

0 isocline. Note also that the stable arm of the saddle point, the separatrix SS, is negative sloped in the 

plane. 

All the area to the left of such a separatrix constitutes a development trap, in which one or both g 

and k experience a steady decrease. When the economy starts at the left of SS there are no endogenous 

forces capable of reverting such a steady decrease in both state variables. In panel (b), for instance, we 

present an illustrative simulation of trajectories of the dynamical system when the initial conditions are 

settled around point A, in panel (a), with a relatively high level of private physical capital per unit of labor 

LS > 0
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than social overhead public infrastructure. Both trajectories diverse negatively. The economic implications 

of this trap are explored more below.  

   

Figure 1: Saddle-point instability in the surplus labor phase. 

 

                            (a) Phase portrait.                                                                         (b) Simulation. 

Note: Panel (a) presents an illustration of the phase portrait of the dynamical system (12)-(13) in the neighborhood of the unique 
pair of economic relevant equilibrium values. For reasonable parameters values, panel (b) presents a simulation of the unstable 
trajectories of the system with initial conditions illustrating the behavior of the economy around point A, in panel (a). The set of 
parameters values are defined as: s = 0.17; 𝛼 = 0.36; 𝜇 = 0.15; 	𝜏 = 0,10; n = 0.025; 𝛿 = 0.015.  
 

When the subsistence sector eventually disappears ( ) the economy becomes a 

mature/developed economy. From equation (11) into (8) and (9) the proportional rate of change for the 

social overhead public infrastructure and private physical capital per unit of labor form the following two-

dimensional non-linear dynamical system: 

𝑔C = 𝜏𝛼𝑘!𝑔%$# 	− 	(𝑛 + 𝛿),                                                      (14) 
 

𝑘G = 𝑠(1 − 𝜏)𝛼𝑘!$#𝑔% 	− 	(𝑛	 + 	𝛿).                                               (15) 
 

From (14), the rate of change of the social overhead public infrastructure increases with k and 

decreases with g, as the term (𝜇 − 1) is negative. From (15), we can observe that the accumulation rate of 

private physical capital per unit of labor increases with g, but reduces with k, the latter reflecting the 

diminishing marginal returns to capital, while the former the positive spillovers of public infrastructure, 

both effects being captured throughout the profit rate (11).  

  LS = 0
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The dynamical system (14)-(15) has a unique pair of economically relevant (i.e., strictly positive) 

equilibrium values, (𝑘.∗ , 𝑔.∗ ) (Appendix). As in the labor surplus phase, the properties of the system in the 

developed phase can be qualitatively analyzed using a Taylor’s expansion on the neighborhood of the 

unique pair equilibrium values: 

 

M
+0
+,
+1
+,

N ≅ M
+0(

∗

+,
+1(

∗

+,

N + W(𝜇 − 1)𝛼𝜏𝑘.
∗ !𝑔.∗

%$# 𝛼4𝜏𝑘.∗
!$#𝑔.∗

%$#

𝜇𝑠(1 − 𝜏)𝛼𝑘.∗
!𝑔.∗

% (𝛼 − 1)𝑠(1 − 𝜏)𝛼𝑘.∗
!$#𝑔.∗

%X R
𝑔 − 𝑔.∗
𝑘 − 𝑘.∗

S. 

 

The effect of g on +0
+,

 in the developed phase remains the same as in the labor surplus phase, 𝐽## <

0, as well the effect of the private physical capital per unit of labor on the rate of change of the level of 

social overhead public infrastructure, which remains positive 𝐽#4 > 0. Despite that 𝐽4# remains positive, its 

magnitude is now smaller than in the underdevelopment phase. The main reason for this change is the 

influence of diminishing marginal returns to private capital, which now are a binding constraint. The 

diminishing marginal returns to private capital in development phase also explains 𝐽44 < 0, so that a rise in 

the level of k has a stabilizing effect over +1
+,

.  

As it is observed, given that both 𝑘.∗ 	and	𝑔.∗  are strictly positive, the trace of the Jacobian matrix is 

unambiguously negative, a necessary condition for asymptotic stability. Regarding the determinant of the 

Jacobian matrix, we have (1 − 𝛼 − 𝜇)𝛼4𝑠𝜏(1 − 𝜏)𝑘.∗
4!$#𝑔.∗

4%$# , which is always positive when the 

parametric restriction of the production function (1) is satisfied, i.e., 𝛼 + 𝜇 < 1. Therefore, the long-run 

equilibrium in the development phase is asymptotically stable, which is represented in Figure 2. 

In panel (a), the axis are the respective levels for g and k, with the two demarcation curves 

intersecting at the equilibrium point 𝐷∗ and dividing the phase portrait into four distinct regions. When the 

level of the social overhead public infrastructure is continuously increasing (g-axis), the rate of change of 

g undergoes a steady decrease, so that +0
+,

 is positive (negative) below (above) the +0
+,
= 0  isocline. 

Moreover, when the level of g is continuously increasing (g-axis), the rate of change of the private capital-

labor ratio steady increase, with +1
+,

 being negative (positive) below (above) the +1
+,
= 0  isocline. A 

difference regarding surplus labor phase is that the slope of both isocline is positive. 
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Figure 2: Asymptotically stable equilibrium in the mature phase. 

 

                           (a) Phase portrait.                                                                         (b) Simulation. 

Note: Panel (a) presents an illustration of the phase portrait of the dynamical system (12)-(13) in the neighborhood of the unique 
pair of economic relevant equilibrium values. For reasonable parameters values, panel (b) presents a simulation of the 
asymptotically stable trajectories of the system with initial conditions illustrating the behavior of the economy around point A, 
in panel (a). The set of parameters values are defined as: s = 0.17; 𝛼 = 0.36; 𝜇 = 0.15; 	𝜏 = 0,10; n = 0.025; 𝛿 = 0.015. 
 

In panel (b), we present an illustrative simulation of the asymptotically stable trajectories of the 

dynamical system when the economy eventually overcomes the surplus labor phase and starts maturity 

around point A, in panel (a). Around point A the economy is characterized by a relatively high level of 

social overhead public infrastructure than private physical capital per unit of labor. Both trajectories 

converge to the equilibrium by monotonically substituting some level of g by k. The economic implications 

of such substituting behavior are explored next section. 

 
3.1 Multiple equilibrium analysis: The development trap 

This section provides a further qualitative and illustrative representation of the dynamical system in (12)–

(13) and (14)–(15) by combining the unique economically relevant equilibrium in each phase of 

development. Indeed, there is a set of parameters for which a joint representation of Figures 1 and 2 exists. 

We focus here on an economic interpretation of a possible development trap configuration represented in 

Figure 3. 

 Consider, for example, that the initial conditions are such that the economy starts around point B, 

where the level of k is relatively high, but the level of g is relatively low. In this region, the level of 

congestion is relatively high, so that the physical capital productivity spillover effects of public 
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infrastructure services are further diminishing the profit rate. The flow of profit is insufficient to finance 

both private physical capital and public infrastructure accumulation. The mass of gross profit first generates 

a sufficient amount of tax revenues to increase the rate of growth of social overhead public infrastructure, 

but the remaining mass of net profit is insufficient to cover the breakeven of private investment, so that 

private capital accumulation per unit of labor is decreasing. Recall that the profit rate increases at a 

diminishing rate with the level of g. Then, as k is falling, g is raising at a decreasing marginal rate so that 

at some point, eventually, the flow of public investment turns insufficient to cover the breakeven of public 

investment. The economy eventually ingresses in a region of cumulative decline of public infrastructure 

and private physical capital accumulation, H. Although in this area there is a labor surplus and then, the 

wage is constant this is not a sufficient condition to reverse the negative tendency of both public and private 

capital accumulation. 

 

Figure 3: A possible multiple equilibria configuration along the development path.  

 

Note: This figure presents a further qualitative and illustrative representation of the dynamic system in (12)–(13) and (14)–(15) 
by combining the unique economically relevant equilibrium in each phase of development. Indeed, there is a set of parameters 
for which a joint representation of Figures 1 and 2 exists. Note that with 𝐿) >, *+

*,
= 0 is horizontal, so that a joint parametric 

illustration requires the locus *+
*,
= 0 of both development phases be equal at point k. A similar parametric restriction is 

required for the joint representation of *-
*,
= 0. Given the format of both isoclines detailed in Appendix A, for illustrative 

purposes, we represent *+
*,
= 0 as a smooth differentiable concave curve.   
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Conversely, consider that the initial conditions are such that the economy starts around point A, 

where the level of social overhead public infrastructure is relatively high, but the level of private physical 

capital per unit of labor is relatively low. This combination produces a relatively high profit rate, but as k 

is low the mass of gross profit is also low. On the one hand, as the level of g is relatively high, the amount 

that the government collects by taxing the modern sector is insufficient to maintain investments in public 

infrastructure and to breakeven public investment, so the rate of change of g falls and the level of g 

experiences a steady decrease. On the other hand, the rate of growth of private physical capital per unit of 

labor is increasing, but this increase is insufficient to revert the process and to put g in a trajectory of rising.  

In fact, the fall in both the rate of g and its level produce the congestion effect plus the diminishing and 

eventually negative spillover effects on the marginal productivity of private capital per unit of labor. These 

external diseconomies effects eventually turn sufficiently high to further decrease the flow of profits to a 

level that is insufficient to finance both public infrastructure and private capital accumulation. The economy 

eventually ingresses in the region of cumulative declined of both g and k, H.   

At both points, A and B, the underdevelopment problem is the absence of a minimum level of social 

overhead public infrastructure and/or private physical capital per unit of labor, which prevents the economy 

from starting the convergence towards the mature phase, somewhere to the right of the separatrix SS. The 

crowding-out relationship between public and private flow of investment, thus creates the necessary 

condition to the emergence of a development trap, from which this surplus labor economy, if left to the free 

play of its structural forces, may never overcome. The relative size of the trap depends on the level of the 

surplus labor long-run equilibrium point, U. Even under the presence of a productive government, this 

economy has insufficient endowment of resources as to enable it to invest simultaneously in both forms of 

capital to achieve a trajectory towards the mature phase. 

In line with the arguments of Rosenstein-Rodan (1943) and Lewis (1960) the situation of such 

development trap would be facilitated by external financial assistance, which would allow a faster growth 

of the national income, providing conditions for taxation. In other words, once caught in the development 

trap, a Big Push of public infrastructure or private physical capital can potentially release this surplus labor 
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economy from it. Suppose again that the economy starts to the left of the separatrix SS around point A or B 

in Figure 3. The economy can overcome the development trap by means of an exogenous shock of 

investment that horizontally pushes the system to the right (a big push of private physical capital per unit 

of labor), or vertically pushes the economy to up (a big push of social overhead infrastructure). These two 

development strategies are both represented by the regions around points C and F, to the right of the 

separatrix SS. 

If the system is on the right of the separatrix SS, around point C or F, the economy has overcome 

the development trap and, in this region, the economic forces are such that eventually drive the system to a 

region of virtuous circle, around point J. The tax revenue becomes sufficient to ensure the rise of the social 

public infrastructure, as the modern sector profit encourages the process of capital accumulation. 

Additionally, because of the spillover effects of the public infrastructure, the modern sector accumulates 

even more capital, causing positive feedback in the industrialization and development process. 

The notion that a surplus labor economy must choose specific sectors to invest dates back at least 

to Hirschman (1958), and his unbalanced growth theory. Hirschman divides the pool of investment between 

SOC and directed productive actives, DPA. An initial mass of investments in SOC would increase 

investment in DPA. In turn, investments in DPA would press for investment in SOC. It is through these 

chains of effects that generate economic growth towards mature phase. In the present model, however, a 

continuous unbalanced growth strategy accelerates growth only if the economy happens to start to the right 

of the development trap. Both forms of capital accumulation are connected through fiscal policy (tax 

revenues) and external productivity effects, so that it turns out to be necessary a minimum initial level of 

social overhead public infrastructure or private physical capital per unit of labor even in order to promote 

an unbalanced growth strategy. 

Meanwhile, the model allows for the possibility that the development trap can be overcome by a 

sufficient combination of both private capital and public infrastructure investments per unit of labor, a 

balanced growth strategy2. Interestingly, in all the development strategies, overcoming the development 

 
2 However, the literature defends that a big push in social overhead capital would be better. As says Rosenstein-Rodan (1943 
p.208) “Let us build railways, roads, canals, hydro-electric power-stations, the rest will follow automatically”. 
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trap, involves a phase of strategic complementarity, or cumulative causation, between public infrastructure 

and private physical capital investments in aggregate capital formation, which is represented by the region 

around point J. There is a balanced combination of g and k that promotes crowding-in effects on economic 

growth. This theoretical result is empirically supported by Pereira (2000) that find for United States that all 

types of public investment crowds in private investment and that aggregate public investment has a positive 

effect on private output, being that the core infrastructure investment in electric and gas facilities, transit 

systems, and airfields, as well as in sewage and water supply systems, display the highest marginal returns. 

Singh (2012) finds a similar result for India and that the causality is from public to private capital.  

The region of strategic complementarity of g and k, J, also exerts influence on the mature phase, 

when 𝐿( = 0. Consider that the initial conditions of the system are such that the economy starts in the 

mature phase at, say around point G, with a relatively high level of private physical capital per unit of labor. 

In this region, the system will experience a fall in k towards the region of cumulative causation that will 

eventually take the economy to the steady state. Interestingly, however, the economy eventually can achieve 

the mature steady-state by a relatively high initial level of social overhead public infrastructure, throughout 

the trajectories illustrated around point I. 

 
4. Conclusion 

Physical capital accumulation is central for economic growth. In the literature many studies show 

that the interaction between private and public physical capital has a positive effect on well-being and on 

reducing poverty or income inequality (Calderón and Servén, 2010; Makmuri, 2017; Medeiros and Ribeiro, 

2020; Bancarali, 2020; Erdogan et al., 2020 and Medeiros, Ribeiro, and Amaral, 2021). Furthermore, the 

literature (Aschauer, 1989; Barro, 1990; Easterly and Rebelo, 1993; Pereira, 2000; Singh, 2012) highlights 

a positive impact of public investment in infrastructure on the productivity of the private sector private and 

then, that public investments have a complementarity effect on capital accumulation or that public 

investment crowds in private investment.  

This paper explores the interaction between public and private physical capital accumulation and 

its implications for economic growth in a simple Lewis development macromodel (Lewis, 1954; Ros, 
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2013). We extend the Lewis framework by including social overhead public infrastructure. The paper 

contributes to a literature that investigates the role of public infrastructure within Lewis's development 

framework, for example, Martins-Neto and Lima (2017). The innovations are: a) we allow for public 

infrastructure congestion, in which public capital services has a growth-promoting effect on the 

accumulation of private capital, but its productivity spillover effects are diminished by excessive use, as 

measured by the size of population; b) we model public infrastructure as an accumulative factor. 

When both levels of public and private capital-labor ratios are relatively low, the model shows that 

the crowd out effect on private investment creates the necessary conditions for the emergence of a 

development trap, from which a surplus labor economy, if left to the free play of its structural forces, may 

never escape. Once caught in such a trap, we show that this theoretical economy can be potentially released 

from it through a Big Push of public or private capital, or a sufficient combination of both. Innovatively, 

our contribution shows that shows that overcoming underdevelopment inevitably involves a phase of 

strategic complementarity, or cumulative causation, between public and private investment in capital 

formation.  

The present simple new extension of a Lewis development macroeconomic framework may be an 

useful baseline model to explore more complex fiscal policy designs, as for example, the examination of 

effects of wealth and capital taxation on the accumulation of private physical capital, the dynamics of public 

debt in the early stages of development, as well open economy complex interactions.  
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APPENDIX – Isoclines and long run equilibrium values in both development phases. 
 
Let us set (12) and (13) to zero under the parametric assumption defined above to obtain the pair of 

isoclines in the surplus labor phase, illustrated in Figure 1: 
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Hence, the values of g and k satisfying 𝑔C = 𝑘G = 0 are respectively: 
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In the mature phase, let us set (14) and (15) to zero under the parametric restriction derived along the text 

to obtain the pair of isoclines in the mature phase illustrated in Figure 2 
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Similarly, the values of g and k satisfying 𝑔C = 𝑘G = 0 in the mature phase re respectively: 
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